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What do we see?

Figures built with

of the following:

@ (in pink) the isotropic cone of a
symmeftric bilinear form B on a —
vector space V (finite dimension); Motivation: to

. understand how
@ (in blue) the first few thousands

roots of an infinite root system
of a Coxeter system (W, S)

roots are distributed
over the space V




Why study

infinite root systems ?

@ Very useful and powerful
tool to study Coxeter groups;

@ Very little is known for non affine
root systems of infinite Coxeter
groups (see Brink-Howlett, Dyer);

@ From Coxeter groups to other
structures (e.g. Lie algebras, Kac-
Moody algebras, cluster algebras).

@ Original motivation: weak order and convexity of subsets of
roots to study Cluster fans in infinite case (also ... reflection
orders and KL-polynomials).

@ And because the pictures we obtain are nice and infriguing ...



Coxeter groups

A Coxeter graph 1" is given by:
0 vertices S (finite)

0 edges (EEEP with ™y >3 or my =

no edge define mg = 2

Examples:
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Coxeter groups

(W,S) is the Coxeter system associated to G

@ W =(5]|(st)"* =e) group

® mss = 1 (sinvolut®); Mg = mys € N>o U {00} for s #£ ¢

Examples. Symmetric group S, is

o Dihedral group: D, = (s,t|s* =t* = (st)™ =) ;

o Infinite dihedral group: Do, = (s,t]|s° =t° =¢) ;
@ Universal Coxeter group: U, = (ay,...,a,|a; = e)

@ Affine Coxeter group Go:

~

W = {a,b, c| a0 =lci—Ntac s —Nb =) — )
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Coxeter groups

(W,S) is the Coxeter system associated to G
@ W =(5]|(st)"* =e) group

® mss = 1 (Sinvolut®); mst = mys € N>o U {00} for s £ ¢

Examples. Symmetric group S, is
@ Dihedral group: D, is - or m

o Infinite dihedral group: Duis -
@ Universal Coxeter group: U, = (ai,...,a, |a; =€) OOOO

o Affine Coxeter group Ga:

~

W = {a,b, c| a5 =lcii—atac sl =N e —
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Geometric representations

o (V,B) is a quadratic space, i.e.:
o V finite dimensional real vector space;
o B bilinear form with quadratic form q(-) = B(:,)

0 The isotropic cone of (V,B):
Q=1veV|[B(,v) =0}
o O(V,B) the orthogonal group of (V,B)

0 Root and reflection on (V,B): for a ¢ Q and v € V
B (! ’V)|
q(')

s (V)= vl 2

Reflections generate Reflection groups in O(V, B)

Christophe Hohlweg



Geometric representations

o (V,B) is a quadratic space, i.e.:
o V finite dimensional real vector space;
o B bilinear form with quadratic form q(-) = B(:,)

0 The isotropic cone of (V,B):
Q ={veV|B(v,v) =0}
o O(V,B) the orthogonal group of (V,B)
0 Root and reflection on (V,B): for a ¢ Q and v € V

ss(vy=v! 2B(,v)! if g(')=1

Reflections generate Reflection groups in O(V, B)
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Geomeflric representations

1954 Vinberg 19/71| In the spherical, euclidean and
cases, all finitely generated discrete reflection groups
er groups (models for these geomefry exist in V or its
gjg&g;l, gu‘r' these models by the n)\/r)gr,)mrl,g of reflections)

Finite case I.e. Bis a scalar product (
The model IS The uniT sphere

@P“GUd-S’fump, Sage, Wikipedia, Casselman

Christophe Hohlweg, 2013



Geometric representations
: | In The spherical, euclidean and ’
hyperbolic cases, they are all Coxeter groups
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Affine case i.e. SgN(B) = (n! 1,0,1). Its radical is a
line: V! = Q = RXx
The model'is an affine hyperplane in the dual \/':

M UG L = S e

N.B: reflection hyperplanes lives in the dual space.
. ; J

Finite case I.e. B is a scalar product

sgn(B) =(n,0,0)

@Pilaud-S’rump, Sage, Wikipedia, Casselman
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Geometric representations

\_

In the spherical, euclidean and
hyperbolic cases, they are all Coxeter groups
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Hyperbolic case i.e. SgN(B) =(n! 1,1,0) (Vv = V'). Many
models exists: projective (non conformal), hyperboloid or the ball

oo HM L= {x ! V[B(xx)= "1

J

@Pilaud-S’rump, Sage, Wikipedia, Casselman
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Geometric representations
(Tits, Vinberg 60s-70%)

o (W, S)T O(V,B) geometric representation if
there is a simple system! = {!s|s! S} inV, le.:

o | is positively linearly independent

o we have ((!s)=1 and for s,t! S:

L L
| cos — i o le

B(!s,!'t)= 4

a 1 AN if SN

Then W! I(W)="s,, " #! §

o Root system and positive root system:
l = W("),!" =cone(")! !

and | = TEEISERIES,

Christophe Hohlweg, 2014



Geometric representations

Q={v! V|B(v,v) =0}

l=n" +(n+1)# ln=(n+1)" + n#

Infinite
dihedral

group I

O——0

(@ B(,#)=11
s (v)=v! 2B(v,!)L
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Infinite
dihedral

group 1I

| (" 1,01
O——0

Geometric representations

I

I
I
I

(b) B(',#)=1101<! 1
s (v)=v! 2B(v,!)L
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Projective representations

o I (W,S)1T O(V,B) geometric representation
with simple system! = {ls|s! S}
e Root system and positive root system:
I = W("), ! * =cone(")! !

ahd 4 & sl e 1)

o B:(W,S)! O(V,B)! PGL(V) associated
projective representation

o Projective roots:

D—Pl—PIJ’—{RI‘IIIJf}" PV
O:={RI [t 1 1}"

Christophe Hohlweg



Projective representations

Projective roots
viewed in V
“Ccut’ conel ) by an

affine hyperplane V;
called transverse to !

. p2 a=p
————————— 2000 000 —— —— & —-

—~

Q

(a) B(a,3) = —1 (b) B(a,3) = —1.01 < —1
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Projective representations

Projective roots
viewed in V
“Ccut’ conel ) by an

affine hyperplane V;
called transverse to !

s a0 S's ab




A Projective view of root systems

@ Rank 3 root systems

Christophe Hohlweg, 2014



A Projective view of root systems

@ Rank 4 root systems

affine
finite

$5
S, =3

" (weakly hyge‘rgolic)

N

Sgn is (2, 2)

indefinite Coxeter system

Christophe Hohlweg, 2014



Limit root system

(W,S) infinite Coxeter system

01 0 projective simple system and
infinite projective root system

Limit root system: E(! ) = Acc(P) ! conv(©)
Proposition (c, Labbé, Ripoll 2011) E(! ) ! conv(©)" @.

Remark: directions of roots converging in

(i) Root systems of Lie algebras (Kac 1990).

(i) Imaginary cone for Coxeter groups (Dyer, 2012)

(iii) Can be used to reprove the well-known facts

that W and ! are discrete

(iv) E = @ is a singleton in an affine case (sgn(B)=(n! 1,0,1))

Christophe Hohlweg



Limit root system

Limit root system E(! )=Acc(P)! conv(©)

Proposition (cH, Labbé, Ripol) E(! ) ! conv(0)" @

Idea of the proof. ! = W (")

Depth of roots dp(!)=1+min {k|! = s/ ,S1,...S (" k+1),

P 1Y)

Lemma (cH, Labbé, Ripoll)
11> 0, ""#1Y(I"NIP$ 1+ ! (dp(") %1).

So any for injective sequence of positive roots (! n)n: n,
the norm ||! n||tends to infinity (for any norm on V).

Christophe Hohlweg



Action on limit root systems
@ Action of W on Egiven by &1 L(1,x )= {x,s/ ax}
Theorem 1 (pyer, cH, Ripoll) The action of W on E is minimal.

Theorem 2 (Dyer, cH, Ripoll) This action is faithful if W irreducible
indefinite (i.e. not affine nor finite) of rank > 2.
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Action on limit root systems

@ Action of W on Egiven by &1 L(1,x )= {x,s/ ax}

Theorem 1 (pyer, cH, Ripoll) The action of W on E is minimal.

Theorem 2 (Dyer, cH, Ripoll) This action is faithful if W irreducible
indefinite (i.e. not affine nor finite) of rank > 2.

For the remaining of
the falk:

@ Some consequences
and remarks

@ Idea of the proofs
of theorem 1, 2 and
of the consequences




Consequences in the hyperbolic case

(W, S) T O(V,B) weakly hyperbolic if sgn(B) =(n, 1,0)
(in this case @ is a ball)

pl"OPOSi'l'iOl"l (Dyer, CH, Ripoll) COI"O“C\I"Y (of the minimality of the
E="0O @ # conv(0) action) E is the closure of the
Morever, in this case, W-action on Q! conv(©)

sgnB)=(n, 1,0)

Christophe Hohlweg, 2013



Consequences in the hyperbolic case

(W, S) T O(V,B) weakly hyperbolic if sgn(B) =(n, 1,0)
(in this case @ is a ball)

Theorem (pyer, cH, Ripoll 2013) For irreducible root system of
signature (n, 1,0) we have: E =conv(E)! Q

Problem (fractal phenomenon): is it true for other
indefinite types?




Consequences in the hyperbolic case

(W, S) T O(V,B) weakly hyperbolic if sgn(B) =(n, 1,0)
(in this case @ is a ball)

W is a discrete group of hyperbolic isometries
| (W) is the limit set of W: the accumulation set of the
W-orbit of a point in the projective model in V

Proposition (c, Ripoll, Préaux) Corollary For a universal
=1 (W) Coxeter system we get the

Apollonian gaskefts.




ingredient for the proofs

The imag

Main

inary cone




Limit roots and imaginary cone:
Tiling of conv(E)

Assume the Coxeter system to be indefinite

@ Imaginary convex set | is the W! orbit of the polytope

K ={v! conv(! )|B(v,!)" O# ! !}
(the non-projective version was studied by Kac and Hee)

Theorem (Dyer, 2012). | = conv(E) =conv(W az), 'z" |

Christophe Hohlweg



o
-
O
Ty

il
O
O
s

e

=

|

nristophe Hohlweg




Limit roots and imaginary cone
Tiling of conv(E)

Here a rank 5 Coxeter group is
g%' represented in dim 3 ! is not a
basis but is positively independent.

(fundamental polyhedron
with finite volume)

Ball model

Roots and imaginary
convex body model

@ Lam & Thomas

Christophe Hohlweg, 2013



Limit roots and imaginary cone
Tiling of conv(E)

Roots and imaginary polyhedron with
convex body model infinite volume

Christophe Hohlweg, 2013




Dyers theorem main ingredient

ESESe. el 1 Ll

Dihedral reflection subgroups: W'

Associated root system: ! ' = W!({!," })

Observation: E(! )= Q! L(!,")

Limits of roots of dihedral reflection subgroups:
@ E, = W &E} where
E 5 = i e

L
n +

Theorem (cH, Labbé, Ripoll)
The sets E, andE) are dense in

E() .




Minimality of the action, idea of the proof

Theorem 1 (pyer, cH, Ripoll) The action of W on E is minimal.
Follows from:

Theorem (pyer, cH, Ripoll)
(a) E is the closure of the extreme points of conv(E)

(b) Ifz! | , thenE! W &z

Remark: If B is nondegenerate,
then the ‘rotation’ subgroup of W
IS a Zarisky dense subgroup

of SO(V,B) and E may be
identified with its projected limit
set as defined by Benoist




Faithfulness of the action, idea of the proof

Theorem 2 (Dyer, cH, Ripoll) This action is faithful if W irreducible
indefinite (i.e. not affine nor finite) of rank > 2.

Proof. Main ingredient: one can approximate E with arbitrary
precision with the sets of limit roots of universal Coxeter
subgroups.

Corollary (of the proof)

(@) Al(U! E)=A!(E) ;

(b) E is perfect;

(c) E 1" ACCRIFcZ) 2 Y,

(d) Equality in (c) in the
hyperbolic case,
implying E = | (W)

Problem: Equality in general?

Christophe Hohlweg,



A last problem

Assume the root system to be not finite nor affine

For a reduced W = S1S,S3..., Si ! S, recall that:

! Ly - " +
Sland||—W| Si+1)! ' ;

@ W; — 515253ddy, reduced; !O .

@ Inversion set: N(w) = {!; |1 ! N}.

Representation in CONV(E) :
z! relint(K)and {w; az, i! N}

Conjecture (cH, Labbé).
Acc(M(w) = Acc({w; &z, i ! N})

Questions. Link with Lam &
Thomas, 2013? with the Davis
complex?

Christophe Hohlweg, 2013



The end
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