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T. TuyTRodyceT ioN A HorTivgrions

A bit of history
o Classification of regular polygons & polyhedral (cf. Euclid 300BC)

o Study of reqgular tilings of the plane and the sphere (Byzantine school,
High Middle-age, Kepler 1619)

19th - century

o Study of (discrete groups of) isometries (Mobius, Jordan)

o Study of Tilings and regular polytopes (Schlafli)

20th - century: Coxeter groups, Lie Theory and beyond

O Classification of discrete reflection groups on S", E" (Coxeter 1934)

o Classification of root systems (Cartan, Killing, Weyl, Dynkin 1880-1947) e
0 Discrete reflection groups on H" are Coxeter groups (Vinberg 1971)

Since then: connections to Algebraic geometry, Arithmetic & Geometric group theory,
Combinatorics, Representation theory, physics ...

TromrviverY: CoxeTeR GROIPS 4RE GRIVE GENERATED
B RAcCFLECTIoNS ACTING on  LocAWY FwiTE TILNGS,
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(1) ope=2 &Sl o wo edge 4 ¢ WU

Example 1. (W, S) of type above is:

W= <Sl’ 57583, 84 | Siz = (S1S2)5 = (S2S3)3 = (S2S4)3 = (S1S4)2 = (S3S4)2 = e>
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Example 2. The symmetric group &', generated by the simple
transpositicns 7;, = i+ 1), | <i<n: AN S G e
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E Euclidean space of dim. n € N*
W discrete group generated by Euclidean reflections
T is the set of reflections in W; & = {H, | t € T} Coxeter arrangement

Theorem (Coxeter, 1934). There exists S C T such that (W, .S)

is a Coxeter system. Moreover 1T = U wSw !
weWw

Example & (n = 2): Dihedral groups 9,,, the isometry group of a regular

m—gon (m € N,): 9m E <S13S2 | Siz - (S1sz)m = e). -' m
=)

1. Choose C = e(C) a connected
comp. of [E\UHt (Fund. chamber)

teT

2. S = reflections across wall of C

3 W < chambers (bijection)

R}a m = adu o} the rofation ),



E Euclidean space of dim. n € N*
W discrete group generated by Euclidean reflections
T is the set of reflections in W; & = {H, |t € T} Coxeter arrangement

Theorem (Coxeter, 1934). There exists S C T such that (W,.S)

is a Coxeter system. Moreover 1 = U wSw—L.
weWw

14 el = .
‘ / 1. Choose C = e(C) a connected
k ‘ comp. of [E\UHt (fund. chamber)

teT

2. S = reflections across wall of C

7 3. W < chambers (bijection)

!
2+ Rgain~ m = adon o e olah 00 8,0,




PROPOS ITIon) (EXEP-DSE) jﬁ/\f \/l/ OUSMLP& Sujagwup Dg. ISD/M [Em)
Th?m W—is X’;Wﬁ’ (=> ,W’ X#() a(T eQaS"- ome peévﬂ‘ " EM

Theorem (Coxeter, 1934): W is finite iff I' has connected
components of spherical types.

Spherical/finite types

Regular tilings of the sphere




E Euclidean space of dim. n € N*
W discrete group generated by Euclidean reflections
T is the set of reflections in W; &/ = {H, | t € T} Coxeter arrangement

Theorem (Coxeter, 1934). There exists S C 7 such that (W, S)

is a Coxeter system. Moreover 1T = U wSwL.

weWw

Example § (n =2) W=9__

the infinite dihedral group

9oo e <S1’S2 | si2 - e>

1. Choose C = e(C) a connected
comp. of IE\UHt (fund. chamber)

teT

2. S = reflections across wall of C

3. W & chambers (bijection)

R@mM\'LZ l)'lbL 'S Q t"(\wnbeaﬁmn o% mAu ’"‘41“—' 5%



E Euclidean space of dim. n € N*
W discrete group generated by Euclidean reflections
T is the set of reflections in W; & = {H, | t € T} Coxeter arrangement

Theorem (Coxeter, 1934). There exists S C 7 such that (W, .S)

is a Coxeter system. Moreover 1T = U wSwL.
weWw

wAv“VAvAv‘ Example & (n = 2) the affine

BVVAVA- Y&
WAVOWVAVDVIN o

' v % “! teT
l i l 2. S = reflections across wall of C
1213 AA 3. W < chambers (bijection)




(W, S) is the Coxeter system of type Coxeter graph I' :

Theorem (Coxeter, 1934): (W, S) is a Euclidean discrete reflection
group iff I" has spherical or affine types connected components.

Affine types

CINACTNNETNS

ANALUNALUNA LY
AVAUNAVLUNAL
UNAVLAN,

Regular QOe0Xoedx
tilings of S&XELE
the plane




H" hyperbolic space of dim. n € N*
W discrete group generated by hyperbolic reflections
T is the set of reflections in W; & = {H, |t € T} Coxeter arrangement

AN 3% Nowy clyyew hai
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n = 3 (Andreevs theorem), see
works of Felikson, Tamarkin, ...
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. Many conjectures are open
(proven in finite and affine case)
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2003 - finite Coxeter groups
Reflection
Groups and
Coxeter Groups

Characters of
Finite Coxeter Groups
and Iwahori-Hecke

Algebras

LIE THELY, RoiLomss,
My qogs, Buter dy,

Anders Bjorner
Francesco Brenti

Combinatorics of
Coxeter Groups

Petra Schwer

CAT(0) Cube
Complexes

The Geometry and Topology
B, of Coxeter Groups

% Michael W. Davis

Peter Abramenko
Kenneth S. Brown

Buildings
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