



































































Theory of Coxeter Groups
An INTRODUCTION
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PLAN OF THE TALK

Is INTRODUCTION AND SOME MOTIVATIONS

II How to work with Coxeter systems





















I INTRODUCTION

MOTIVATIONSINTITUIVELY

COXETER GROUPS ARE GROUPS GENERATED
BY REFLECTIONS ACTING ON LOCALLY FINITE TILINGS

























































Coxeter Groups ABSTRACT DEF

Coxeter graph
Vertices S

mDeltat with mstgeq3 or mDeltaEinftyedges

Define mst2 if no edge
COXETER SYSTEM leftlangleWSrightrangle of TYPE

Gamma

Wlangless2leftstrightmste if mstneqinfty

s t

in

Remark i mss1Leftrightarrows2e and mntinfty no relation between s t

liil mst2LeftrightarrowsttDelta no edge st inn




















































Proposition exercise Any Coxeter system leftlangleWSrightrangle has a sign character

3113 group epimorphism In part odWleftDeltaright2 forallsinSE W
SES 1 involution s2e sneqe

DEF COXETER GROUP A group W forwhich there is a

setofinvolution S such that leftWSright is a Coxeter system mathbbZ2times3

It isundecidable 1o determine if a finitely presented grouphas a loxeter
structure Adyan Rabintheorem Markovproperty
When a group is a Coxeter group it is open to determine all its
Coxeter systems Ws left12rightleft23rightleft123right

The tools develop her depend on the choice of the Coxeter system
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m order of the rotation s1s2










Rk Again m order of the rotation s1s2



























Proposition EXERCISE Let W discrete subgroup of Isom En
Then W is finite It fixes at least one point in En
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Remark s1s2 is a translation of order m12infty
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Them Vinberg 71
Any discule off gpe in H

WS Coxetersyst

leftSrightpleftHnright all the leftwsrightg rash p thatone inIsom HR






































































1 p
DISCRETE REFLECTION GROUPS IN QUADRATIC SPACES

leftVBright real quadratic space of dim n

V is a mathbbR vectorspace and

BVtimesVrightarrowmathbbR symmetric bilinear form
qVrightarrowmathbbR

signature

sgnleftBrightleftpqrright
is a quadratic form 0

eigenvaluesvrightarrowBleftvvright

The orthogonal of XleqV is XbotleftvinVBleftxvright0forallxinXright
G is non degenerate if Vbotleft0right then orthogonal supplement

The isotropic come QleftvinVqleftvright0rightsupseteqVbot
Qleft0right then leftVBright Eullidean space innerproduct BOmegaB

REFLECTIONS For alphainVQ the propto reflection is
v

Dalphaleftvrightv2Bleftalphavrightqleftalpharight α in OleftVBright
v
rDelta orthogonalgroup

of leftlangleVBrightranglekk
alphaDelta

PROPOSITION EXERCISE D2 involution and FixleftDeltaalpharightmathbbRalphabot an hyperplane








































































EuclideanGASphericalgeometry

s grleftBrightleftn00right
Euclidean vectorspaceHyperbolic

geometry

Sgn leftBrightleftn110right
LORENTZIANSpacemetrySgnB leftn101right

Affin quadraticspace

V

Q

e3n1 in V VbotleftvinVBleftvkright0forallxinVright
mathbbRv0Q
leftVbotright0simeqVVbot Euclidean

e1 e2
CASES AS C

salphasbetaLeftrightarrowalphabotbetabot
CASE B FALSE but true in V Hn1vinVqleftvright1 coord e30

VbotQmathbbRlefte1e2right

VmathbbRe1oplusmathbbRe2Blefte1e2right1Blefteieiright1
nege2

Here alphabotgammabot for all alphainV
All reflections have thesamehyperplane

e1r

propto

L






































































A simple system bigtriangleup in leftVBright is a finite subset DeltasubseteqVDeltaneqvarnothing
A positively linearly independent sum_alphainDeltaaalpha0aalphainmathbbNRightarrowaalpha0forallalpha
Bleftalphaalpharightqleftalpharight1

BleftalphabetarightinleftcosfracpimminmathbbNgeq2rightcupleftinfty1right
CONSIDER SleftsalphaalphainDeltaright and WleftlangleSrightrangleleq0leftlangleVBrightrangle
ROOT SYSTEM PhiWleftDeltaright ROOTS ARE NORMAL VECTORS TO REFLECTION HYPERPLAN

POSITIVEANEGATIVE ROOTS
HDeltabetaHDeltaalpha

Phi cone leftDeltarightcapPhi PhiPhi
Theorem Vinberg 1971
a w̅ dicrete refletion group in 0leftVBright
b leftWSright Coxeter system
c PhiPhiUPhi

1
beta

d adleftsalphasbetarightm or

inftyBleftalphabetarightcosleftpifracpimrightcosfracpin






































































GEOMETRIC REPRESENTATIONS

COXETER SYSTEM C WSrangle of TYPE Pi

WlangleSs2leftstrightmste if mstneqinfty

Is mDeltatadleftDeltatright we know and se msin
Def Let leftWSright be a Coxeter system A geometric
representation of leftwsright is a FAITHFUL REPRESENTATION

PWOleftVBright given by rholeftsrightsalphas suchthat

DeltaleftalphassinSright is asimple system with

cosfracpimDeltat if mDeltatinmathbbNgeq2Bleftalphasalphatright a choice of aDeltatleq1 if mDeltaleftarrowinfty

Theorem Vinberg71 Tits 68 for ast1 and Δ basis

Geometric representations exist In past arleftDeltatrightmDeltat






































































At the core of theory of Coxeter groups
REFLECTIONS ROOTS S TILINGS COXETERARRANGEMENT

W5 Coxeter system can be faithfully represented in OleftVBright

Tcup_winWomegaSw1 reflections corresponds to roots in Phi

EwDeltaw11 omegaleftalphaDeltarightalphat
Hyperplanes of reflections are in the dual V VV if Vfrac1left0right
Coxeter arrangements
and tilings tits cone or

imaginary come in V

Fundamental chamber G1

Tiling UwinWwleftarightXacomm
CleftrhoinVrholeftKDeltarightgeq0forallDeltaGSright sgnleftBrightleft210right






































































At the core of theory of Coxeter groups
REFLECTIONS ROOTS S TILINGS COXETERARRANGEMENT

W5 Coxeter system can be faithfully represented in OleftVBright

TUwinWomegaSw1 reflections corresponds to roots in Phi
HEsubseteqX HEleftrhoinXrholeftKGright0right

wleftalphaDeltarightEwDeltaw1
lHyperplanesof reflections are in
the dual V VV if Vfrac1left0right
Coxeter arrangements
and tilings tits cone or

imaginary come in V

sgnleftBrightleft210rightFundamental chamber G1

Tiling UwinWwleftarightXacom Vbotleft0right










































































THREE TYPES OF COXETER SYSTEMS
dependof the signature of a geom representation

4y31232
A4

l

As31Hyperbolic
n

INDEFINITE
TPYE
ACCCIPI

21

FINITE TYPE POSITIVEDEF 2

AllleftIPphirightphi
INFINITE

widetildeG2

sgnleft22right
AFFINE TYPE PosSEMIDEF

ACCIPII FINITE if Dyer CH RIPOLL CHRIPOLL LABBÉ 2013









































































IMAGINARYCONES TILINGS Dyer CH Ripoll 2013

Hyperbolic:syn
left22right

NOT HYPERBOLIC























SOME SELECTED BOOKS

2024

LIE THEORY BUILDINGS

Alg groups Cluster alg






































































Coxeter groups and Lie theory
a quick overview

fracsimPhi is a crystallographic root system in a Euclideanspace

PhileftfracalphaleftalpharightalphainwidetildePhiright is a rootsystemDynkin diagram
4alpha12alpha1alpha2widetildePhistable under to

frac2Bleftalphabetaright4alphay2inmathbbZ
6

A 1

x1D4
W is then called a Weylgroup mDeltaininleft2316right only

semisimple Lie algebra over
mathbbC

12 Cartan Subalgebra
Then ghoplusalphainPhigalphagalphaxinQlefthxrightalphalefthrightxforallhinX






































































II How to work with Coxeter systems

a Characterizations

leftWSright Involution system WleftlangleSrightrangle group ordle 2fadlsinS
Cayley graph CayleftlangleWSrightrangle vertices it edges

bigtriangleup

winWDeltainSw omegabigtriangleup

Length lWrightarrowmathbbN

wrightarrowlleftwrightlengthof a geodesic from e to w in CayleftwSright
length of a reducedword.Metricon CayleftwSrightduvlleftu1vright exercise

For all winWsinS we have
i lleftwright1leqlleftwsrightleqlleftwright1 case lleftwDeltarightlleftwright possible

gpehomonophism sign characterleftpm1rightsinSrightarrow1in lleftomegaDeltarightlleftomegarightpm1 existsvarepsilonW
wEW

SESICorollaryWSI Coxeter Systemhas a signature and varepsilonleftomegarightleft1lleftomegarightright






































































Weak order

Right weakorder leftWleqRright we orient the Cayley graph CayleftWSright
bigtriangleup

ws
Hassediagram overrightarrowCayleftWSright if lleftomegarightlleftomegaright1

w

uleqRw if there is a geodesic from e to w passing through a aprefix
wuvreducedprefix

Cayley graph oriented c weak order leftWleqRright lleftwright in red
0b

121212 vdots12122121 vdots1221
21243 121 3 3121 22372 3

12 212 2
1 1 21 2 212 212 2 12 2

n11 1 21 r20 1172 1 2 111 210 0 21e 0e 4
e1 11 2

2lefts1s2right3eLeftrightarrowD1D2D1lefts2D1s2righte
2

1 2






































































For leftWSright an involution system we consider

TU_winWwSw1 reflections
tau2
x tau3

T3mdlgwhtsquare ELeftandRight descent sets DLleftomegarightleftDeltainSlleftDeltaomegarightlleftomegarightright
DRleftomegarightleftDeltainSlleftomegaDeltarightlleftomegarightright

PemubabedroTheoremLet leftWSright be an involution system Thenthe

following are equivalent

i leftWSright is a Coxeter system
CiilThere is an action of W on Ttimesleftpm1right such that for all ses

neurotalphatscdotlefttvarepsilonrightbegincasesleftstsvarepsilonrightleftsvarepsilonrightendcases beginmatrixsneqtstendmatrix
alphatvarepsilonleftalphaEright

Ciiil leftWSright satisfies the exchange reduction condition illustratewithgeodes

for any omegasldotssksiinS and DeltainDRleftwright exists1leqileqk sit ws1ldotshatsicdotldotssk
iv leftWSright satisfies the braid monoid condition Braidgroup

sign character






































































Braid monoid condition
leftWSright Involution system For s tinS mstarwleftDeltatright

mst
Braidrelations leftDeltatrighteLeftrightarrowstsldotstDeltatldots

s2emstneqinfty mtlettersmtletters
braid relation

t2e

Braid monoid condition C BM leftWSrightsatisfies BM if
foranymonoid of and map fSrightarrowM such that

fleftsrightflefttrightfleftsrightldotsflefttrightfleftsrightflefttrightldots for all sFESwithm sinneqinftyMst letter Mst

lettersthereis a welldefined map overlinefWrightarrowdd
ws1ldotssk1rightarrowflefts1rightldotsfleftskright

reduced

wordConsequenceany reduced words for we'w are equivalent up to braid relation
Matsumoto the news






































































Inversion sets

leftWSright Coxeter system

Reflections ofleftwSrightTUwinWwSw1leftSleqTright
Inversion Set of winWTleftomegarightleftininTllefttomegarightlleftomegarightright
Proposition exercise lleftomegarightleftTleftomegarightright

uleqRvLeftrightarrowTlefturightleqTleftvright
Rightweakorder

Example Dinftysinftyt
Tleft1tstst1tststsldotsright
Tleftstsrightleftsstststsright

rinTHr separates efromsts

lleftDeltatsright3leftTleftDeltatsrightright

t.es ststs

tleftHsrightHtHsHstsHtot Hststs
equivs 1Est






































































Reflections ofleftWSright TcupwinWwSw1leftSleqTright
Coxeter hyperplane arrangement AwleftHtvarepsiloninTright in somespace X

11W Chambers regions of XleftAwright
Proposition TleftwrighttinTHt separates e from w

H121 3
Example Fy of type A3

Tleft213rightleft2232121right
lleft23right3

With root system

PhileftomegarightPhicapomegaleftPhiright
and TleftomegarightlefttinTalphatinPhileftomegarightright

1H1e H3
12 H2 2

H232
121 2

nicefrac23

12 3






































































Coxeter groups as reflectiongroupswritet insteadof Ht
2121212 3 32123Coxeter arrangement

AW for
leftWSright affine Coxeter

system oftype A2
3

2321

232 t2231321
223 323121

3122131213
t1

2 13
31e21

1 3leqw
1211311121313

732121312123.1232
Tleft2321rightlefts2s3t1t2rightlleft2321right4

Rk HtH2 parallel

if t2 or leftlanglervarepsilonrightranglesimeqDinfty







































































Coxeter groups as reflection groups
I3 1Coxeter arrangemen

Aw for
leftWSrightoftype

1
131

13312
3

1
21121 131213 e 3cdot4cdot2
22132132 D4
23232323

Tleft32321rightleft23323232trightlleft32321right5
231

2323232
3232 2

3211212Rk HtH2 parallel

if t2 or leftlanglervarepsilonrightranglesimeqDinfty323323212323

t
3








































































Weak order is a

semilatticeTheoremBjorner1984 leftWleqRright is a completemeetsemi lattice

forallXsubseteqW xneq0 the meet LambdaRXsupleftginWgleqRxforallxinXrightexists.Corollarya The join VRX of bounded X exists
b W finite S bounded In this case omega0VRS longestelf

2131wedgeR2321
tau1 tau3
tau2leftA3right r 7GammaT 72131 2321i23

r23 7r2321

5 321F2

leftrightharpoons212 3121Ye 3
12omega0VRS Y

31
L1

L 13131313

K323 x132rfloor3leftwidetildeA2right2leftH3right 1
5 AffineWeylgroup

1 2 3






































































WHY CONSIDERING THIS PROPERTY

SELECTED consequences FOR FINITE COXETER SYSTEMS

Latticequotients Cambrian fans generalized associabecha

g rector fansoffinitetypeCluster algebra
Reading Reading Speyer CH LangeThomas

Stella Piland Stump
Lattice theory of torsion classes
Shards theory in representation theory
Demonet Iyama Reading Reiter Thomas

Permutated

I Generalite
associated

Reflection ordering and initial section
Kazhdan Lustig polynomials Dyer Brent

PBW root vectors Lusztig

leftH3right521 3






































































Bruhat Order
Consider the following directed graph
vertices to

edges omegatomegat if eleftwtrighteleftwright1 winWininT
Proposition This graph is the Hasse diagram df a poset leftWleqright
called the Bruhat order The rightweak aden leftWleqRright is
a subposet

Ex leftWSrightoftype 12 Them uleqv iff for
any reducedword vsldots1k
there is 1leqi1ldotsipleqk
and usi1ldotssip
Motivation Kathdan Lustig th
Schubertcalculus seeMartina's talk

12122121

74 Addarrow121212r wtw

121
5 21221for EETIS

lleftomegatrightlleftomegaright1
221221n1211112o21






































































The Bruhat graph is obtained by adding moreoverallarrowsifli at eleftomegaright for winW tinT
omegaEw

121212121 121rIn the example above add 2 211 222121 221

Conjecture Dyer TleftuvRvrightvarepsiloninT is a renter in a

leftuvright path in theBrubatgraph
Aleftuvright path is a path in the

Bruhat graph starting at e
and labelled by elements in TlefturightcupTleftvright

1
3
323

Ex u12 v32

Tlefturightleft1121right Tleftvrightleft3323right
Sothe leftuvright path have thefollowing 121

121
vertices in T13232121frac12321MEW
This is T so TleftuvRvrightT
and uvRvw0


